Abstract-In this paper, we design a tracking controller which satisfies transient response specifications and maintains tracking error within a tolerable limit for the uncertain track-following system of an optical disk drive. To this end, a robust H1 control problem with regional stability constraints and sinusoidal disturbance rejection is considered. The internal model principle is used for rejecting the sinusoidal disturbance caused by eccentric rotation of the disk. We show that a condition satisfying the regional stability constraints can be expressed in terms of a linear matrix inequality (LMI) using the Lyapunov theory and S-procedure. Finally, a tracking controller is obtained by solving an LMI optimization problem involving two LMI's. The proposed controller design method is evaluated through an experiment.
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I. INTRODUCTION
L IKE ANY OTHER control system, the objective of the track-following system design for optical disk drives is to construct a system with better performance and robustness against plant uncertainty and various disturbances. Aging of the tracking actuator, sinusoidal disturbance caused by eccentric rotation of the disk, radial disk vibration caused by disk rotation, and variation of disk reflection rate are the main obstacles in designing a tracking controller with robust performance. The tracking controller should be designed so that tracking error is maintained within a tolerable limit, and transient response specifications are satisfied, despite such obstacles.
In optical disk drives, tracking error inherently contains a significant sinusoidal disturbance as the disk rotates at a constant angular velocity. Because the sinusoidal disturbance of the disk rotational frequency has a great influence on the performance of the track-following system, it should be effectively rejected in order to attain satisfactory performance. An approach to dealing with sinusoidal disturbance of a known frequency is the application of the internal model principle, which states that the disturbance model should be included in the controller for rejection of the sinusoidal disturbance. This approach can be extended to linear time-invariant systems with plant uncertainty [1] . Accordingly, the tracking controller must include the disturbance dynamics corresponding to the disk rotation frequency.
The standard control problem deals with finding a feedback controller that guarantees the internal stability of a closed-loop system and suppresses the infinity norm of the transfer functions between disturbances and controlled outputs less than a given bound. The robust control problem can be reduced to the standard control problem when uncertainty is assumed to be norm-bounded [9] , [19] . However, because the design provides little performance improvement over transient behavior, it is more desirable to take account of additional constraints on the closed-loop pole location to achieve satisfactory transient response. In the trackfollowing system, the robust control can be utilized to diminish the effect of radial disk vibration in the presence of plant uncertainty.
Transient performance of a control system is usually characterized by the step response. Transient performance indices, such as overshoot, settling time, and rise time, are defined with respect to the step response of a system without disturbances. In the case of linear systems with disturbances, the transient performance indices can be used to assure transient performance to some extent, despite the existence of disturbances. A specified subregion of the left-half plane in which the closedloop poles must lie can be found using transient performance indices. Therefore, satisfactory transient performance can be achieved by forcing the closed-loop poles into the specified subregion. Chilali et al. [3] presented a condition for locating the closed-loop poles in the specified subregion in terms of a linear matrix inequality (LMI) and extended the result to uncertain systems described by a polytopic state-space model. However, in designing a controller satisfying the regional stability constraints, complications can arise because the condition is expressed by a set of LMI's, the numbers of which are the same as those of the vertex of the polytopic model.
In this paper, we propose a robust controller design method with regional stability constraints and sinusoidal disturbance rejection for the track-following system of an optical disk drive. To this end, regional stability constraints and internal model principle are introduced. We show that a condition for the regional stability constraints can be expressed by an LMI using the Lyapunov theory and -procedure. The controller design procedure is established using the LMI optimization method. The proposed controller design method is evaluated through an experiment.
The remainder of the paper is organized as follows. In Section II, the track-following system of an optical disk drive is briefly described and a robust control problem with regional stability constraints and sinusoidal disturbance rejection is addressed. A sufficient condition satisfying the multiple constraints and the controller design procedure are given in Section III. Simulation studies, implementation of a digital control system, and experimental results are presented in Section IV. Concluding remarks are given in Section V.
II. TRACK-FOLLOWING SYSTEM OF AN OPTICAL DISK DRIVE
Requirements for acceleration capability and operating range of the servomechanism dictate the bandwidth and physical size of an actuator. With a single-stage actuator, it is almost impossible to meet both requirements in optical disk drives. In most cases, therefore, a compound actuator composed of a high-bandwidth fine actuator mounted on top of a large coarse actuator is used in optical disk drives. The coarse actuator provides a large operating range at the sacrifice of bandwidth. In contrast, the fine actuator, with a much smaller structure and a limited range, is capable of following highfrequency commands. Because the role of the coarse actuator in track-following mode is simply to move the fine actuator slowly over the operating range, tracking performance is almost entirely dependent on how accurately the fine actuator is controlled. Therefore, the literature considers only the fine actuator in the design of the tracking controller. Fig. 1 shows the block diagram of the track-following system of an optical disk drive. The system consists of an optical position sensor, a high-bandwidth tracking actuator, a feedback controller, and filter and amplifier circuits. The tracking error denotes the difference between track position and beam spot position. After the tracking error is detected by optical devices, it is fed back to the tracking controller via a gain Because the disk rotates at a constant angular velocity, the disturbances include the radial disk vibration caused by the disk rotation and the sinusoidal disturbance caused by eccentric rotation of the disk. The radial disk vibration with a finite frequency band belongs to and the sinusoidal disturbance is of the form (1) where is the disk rotational frequency, and and are unknown amplitude and phase, respectively. According to the standard of optical disks, the is usually less than 70 m. The tracking actuator which moves the optical lens in the radial direction is a voice-coil motor driven by a current amplifier. A second-order linear model is usually adopted to describe the actuator. Although a mathematical model provided by a manufacturer might adequately describe the behavior of the actuator, unavoidable modeling errors always exist. In addition, a change in the operating environment such as variation in disk reflection rate from disk to disk can act as a parameter uncertainty of the actuator. Nevertheless, it is reasonable to assume that each plant parameter is known to the extent that it lies in some interval, that is, the uncertain parameter varies over a range about a nominal value. Suppose that, in consideration of the uncertainty, the tracking actuator is described as (2) The plant uncertainty is expressed in terms of transfer function coefficients. By transforming (2) into the state equation and incorporating the disturbances and the tracking error into it, the uncompensated track-following system can be represented by (3) where is the state, is the radial disk vibration, is the sinusoidal disturbance, and is the tracking error. The uncertainty is normbounded in the form (4) We can assume that is stabilizable, is detectable, and the subsystem has no transmission zeros located at the frequency Because the magnitude of the sinusoidal disturbance is several hundred times larger than the tolerable error limit, it should be completely rejected. For complete rejection of the sinusoidal disturbance, the system gain from to at the frequency should be 0. An approach to attain this goal is to include the disturbance dynamics corresponding to the frequency in the tracking controller. A simple statement of the internal model principle is given in the following lemma.
Lemma 1 [1] : A controller internally stabilizes (3) and satisfies if and only if the controller is admissible for (3) and admits the realization as (5) where eigenvalues of include is diagonalizable, is controllable, and the " " entries are any matrices of appropriate dimensions.
Thus, let the tracking controller have the form (6) where the subcontroller is given in advance to satisfy the internal model principle and the other subcontroller is designed in order that the track-following system satisfies other control objectives. Because only the amplified tracking error is measurable, the tracking controller is of the error feedback form (7) where is the state vector of the controller and the controller matrices are as follows:
Because the tracking controller (6) rejects the effect of the sinusoidal disturbance (1), the track-following system can be described by the state-space equations (8) where is the state vector of the trackfollowing system, and the matrices and are expressed in the form (9) In order to retrieve the information recorded on a disk, we need to make the laser beam spot follow the track precisely by controlling the tracking actuator. Because the tracking controller eliminates the influence of the sinusoidal disturbance in accordance with the internal model principle, the control problem is reduced to designing a subcontroller , such that the track-following system satisfies transient response specifications and with respect to the radial disk vibration.
III. TRACKING CONTROLLER DESIGN USING AN LMI APPROACH
In this section, we design a tracking controller which solves the robust control problem with regional stability constraints. Because the radial disk vibration exists in the frequency range from dc to several hundred hertz, it is possible to diminish its effect by considering the robust control problem. Besides, the desired transient response can be attained by satisfying the regional stability constraints. We show that a sufficient condition for the robust control problem with regional stability constraints and sinusoidal disturbance rejection can be expressed in terms of two LMI's using the following -procedure and Schur complement.
Lemma 2 [2] : Let be quadratic functions of the variable where
We consider the following condition on for all such that It is obvious that, if there exist such that for all then the above condition holds. It is a nontrivial fact that, when the converse holds, provided that there is some , such that By the -procedure, a set of robust control problems, such as the robust stability problem and the robust control problem for systems with norm-bounded plant uncertainty, boil down to the standard control problems for equivalent systems without uncertainty. The following Schur complement allows nonlinear inequalities to be expressed as an LMI form.
Lemma 3 [2] : Suppose that and depend affinely on The LMI (10) is equivalent to and
A. Robust Control Problem
A condition for solving the robust control problem can be expressed in terms of a Riccati equation or an LMI. First, let us define vectors (11) Then, the track-following system (8) is described as (12) Now, suppose that there exists a Lyapunov function and a constant such that (13) for all and satisfying (12) . Then, (12) is quadratically stable with [2] , [19] . The following lemma presents that (13) can be converted to an LMI through the -procedure and Schur complement.
Lemma 4: Let the constant be given. Then, there exists a positive-definite matrix satisfying (13) for all and of (12) if and only if there exists a constant such that (14) Proof: From the norm-boundedness of the plant uncertainty, it follows that (15) Using Lemma 2, (13) is equivalent to (16) for all and satisfying (15) . By direct calculation along the state trajectory of the track-following system (12), (14) is derived from (16) . See [13] for a full proof.
From Lemma 4, the track-following system is quadratically stable and the infinity norm of the transfer function between and is less than if there exist a constant and a matrix satisfying (14) .
B. Regional Stability Constraints
Because the closed-loop state-space matrices depend affinely on the subcontroller matrices it is necessary to use conditions that preserve this affine dependence for the regional stability constraints. In other words, for tractable controller synthesis, we need to use conditions that are affine in the closed-loop state matrix. Accordingly, it is more desirable to represent stability subregions of the complex plane by the LMI regions defined below. Hereafter, denotes the Kronecker product of matrices, and the notation means that is an matrix (respectively, block matrix) with generic entry (respectively, block) Definition 1 [3] : A subset of the left-half plane is called an LMI region if there exist a symmetric matrix and a matrix such that
The characteristic function takes values in the space of Hermitian matrices. The LMI region includes not only typical regions, such as ellipses, parabolas, and hyperbolic sectors, but also all polygonal regions that are convex and symmetric with respect to the real axis. In the case of the nominal track-following system all poles locations of the matrix in a given LMI region can be characterized in terms of the block matrix (18) as the following lemma.
Lemma 5 [3] : The matrix is stable if and only if there exists a symmetric matrix such that (19) When is the entire left half-plane, (19) becomes the Lyapunov stability condition (20) Clearly, the Lyapunov theorem is a particular case of Lemma 5. For the track-following system (8), the term from plant uncertainty is added to (19) as follows: (21) where In the case of systems with norm-bounded plant uncertainty, (21) boils down to a sufficient condition for quadratic stability. Therefore, all poles of the track-following system are located in a given LMI region if there exists a matrix satisfying (21) for all admissible plant uncertainty. In the following theorem, we show that a condition satisfying regional stability constraints can be expressed in terms of an LMI using the Lyapunov theory and -procedure. 
which is equivalent to (27) By removing the nonlinear terms of (27) using Lemma 3, (22) is obtained.
Suppose that there exists a constant satisfying (22). By the proof of and Lemma 2, it is immediately clear that, for all and is satisfied. Therefore, there exists a positive-definite matrix satisfying for all admissible plant uncertainty. Consequently, all poles of the track-following system (8) come to lie inside a given LMI region if there exist a constant and a positive-definite matrix satisfying (22).
C. Tracking Controller Design
From Lemma 4 and Theorem 1, the robust control problem with regional stability constraints and sinusoidal disturbance rejection for the track-following system can be addressed as an optimization problem Minimize over and that satisfy (14) and (22) (28)
The optimization problem (28) is a nonconvex problem which is very hard to solve. Therefore, at the cost of the optimality, we attempt a numerically tractable controller design by imposing the constraint The nonlinearities arising in terms like are eliminated by introducing new subcontroller variables as in [3] and [16] . Consequently, for a starting value (28) becomes an LMI convex optimization problem. The tracking controller design is accomplished by solving the LMI convex optimization problem repeatedly with the new replaced by until a smaller value of is found. Admittedly, this design procedure offers a numerically tractable controller synthesis with some degree of conservatism. Besides, practical experience indicates that the constraint is not overly conservative and this LMI approach gives satisfactory results for a variety of multiobjective problems [4] , [16] .
IV. SIMULATION AND EXPERIMENTAL RESULTS
We apply the proposed control algorithm to the trackfollowing system of an optical disk drive, where the laser beam is of a 785-nm single-wavelength. Because the disk with a track width of 1.6 m rotates at a constant angular velocity of 5000 r/min, the sinusoidal disturbance has the form (29) where is usually less than 70 m. The behavior of the tracking actuator is well approximated by the secondorder system based on the frequency response measured by a dynamic structural analyzer. The resonance mode and the damping ratio of the actuator are approximately 25 Hz and 0.015, respectively. According to the data sheet, these values vary within 10% on either side of their nominal values. The disk reflection rate also varies from disk to disk, acting as the primary cause of actuator gain variation. In consideration of these uncertainties, the tracking actuator is modeled as m/V
The interval in which each coefficient lies is chosen to represent the worst case parameters. In the experimental setup, the tracking error between 0.4 m is converted via the gain to 2.0 V, that is, is 5 10 V/m. Thus, the uncompensated track-following system is represented by (31) where
A. Simulation Studies
In order to retrieve the information recorded on a disk, the tracking error should be maintained within 0.1 m for the track width of 1.6 m Because the tracking error in optical disk drives results from errors occurring in the optical system, the mechanical system, and the servo system, the tracking error limit in the servo system design should be one-third of the tolerable limit ( 0.1 m). In the case of systems with disturbances, transient performance specifications cannot be described by equations, and thus a specified subregion cannot be found. Nevertheless, the transient performance of the track-following system can be assured to some extent, even in the presence of disturbances, by considering the transient performance indices formulated in a disturbance-free system. Accordingly, the control objective in the servo system is to maintain the tracking error within 0.033 m against the plant uncertainty and the disturbances and to maintain an overshoot of less than 25%, the settling time within 6 ms, and the rise time within 2.75 ms when
As the first step in designing a tracking controller to meet the control objective, is chosen as (32) in order to eliminate the influence of the sinusoidal disturbance (29). Then, a subcontroller satisfying the control objective is found through the proposed controller design procedure.
Because overshoot, settling time, and rise time of a secondorder system without disturbances are related to damping ratio and natural frequency by, respectively,
the performance specifications require that and A specified subregion where all poles of the track-following system should exist is obtained based on the ranges of the damping ratio and the natural frequency. Because the subregion cannot be described by an inequality, we approximate the subregion by a left parabola region defined as (34) where Therefore, the tracking controller design is accomplished by solving the LMI optimization problem with respect to the It indicates that the settling time and the rise time satisfy the design specifications, but the overshoot is slightly greater than the specification, about 28%. This is due to the application of the second-order model (33) to the eighth-order track-following system. Fig. 3 shows the tracking error when m and m It illustrates that the tracking error is maintained within the tolerable limit ( 0.033 m) of the servo system design in spite of the sinusoidal disturbance , which forces the laser beam spot to swerve a maximum of 6.25 tracks from the target track. 
B. Experimental Results and Discussions
The designed tracking controller was implemented on a floating-point, 32-bit Motorola digital signal processor (DSP) DSP96002 running at 33 MHz. In the experimental setup, all optical disk drive servo systems (e.g., focus servo and track-seeking system), including the track-following servo system, were implemented digitally on the DSP96002. The tracking controller designed in the continuous-time domain was discretized by the matched pole-zero mapping method, which involves no aliasing and preserves the general shape of the frequency response [15] . Unlike analog controllers, digital controllers do not work as designed until several initial samples are taken. Consequently, for the several initial samples, the sinusoidal disturbance is not completely rejected by the implemented tracking controller. Thus, the tracking error is caused not only by the initial tracking error , but also by the disturbances and Fig. 4 gives the schematic diagram of the experimental digital servo system that we developed. It consists of a DSP, RAM, ROM to store the control program and data, a timing function to generate interrupts to the DSP, 12-bit D/A converters to convert the drive commands to analog signals, 12-bit A/D converters to obtain positioning information, and analog circuits to drive actuators. All control algorithms were written in DSP96002 assembly language for complete utilization of functions available in the DSP96002. The control program was executed at a sampling rate of 50 kHz. Unlike the simulations, high-frequency digital noise, random noise, source noise of electric power, and others affect the experiment and are added to the control signals. These noises exist approximately to the extent of 100 mV in the developed digital control system. Accordingly, the amplitude of the measured tracking error is 0.02 m larger than that of the actual tracking error.
Figs. 5 and 6 present the tracking error and the control input, respectively, when the designed tracking controller is applied. The track-following action was turned on at ms and the initial tracking error was 0.05 m. The initial point was marked by " " in Fig. 5 and the track-following action was done for 18.12 ms (1.5 tracks). The amplitude of the tracking error was apparently reduced after the track-following control was started. The tracking error remained within an acceptable limit ( 0.1 m) despite inclusions of the digital noise and the source noise of electric power. The transient performance of the implemented track-following system can be investigated Let us consider the tracking error of Fig. 7 . The trackfollowing action is turned on at ms, and the digital tracking controller does not perform normally until six samples (0.12 ms) have been completed because it is of the sixth order. Consequently, the experimental result looks as if it presents a tracking error with ms and m and the overshoot is greater than 50%. However, this result is due to the fact that the overshoot equation (33) for a secondorder system is applied to the eighth-order track-following system and the effect of the radial disk vibration is included in the tracking error. Therefore, we cannot judge exactly from the experimental result whether the overshoot when is less than 25% or not. However, from the experimental result, it can be concluded that the settling time and the rise time satisfy the design specifications in spite of the existence of the disturbances although the overshoot turns out to be greater than the specification due to the effect of the disturbances.
V. CONCLUSIONS
A controller design procedure to assure robust performance for the track-following system of an optical disk drive was presented. The controller design method uses the internal model principle, the robust control theory, and the regional stability constraints. The designed tracking controller rejects the influence of sinusoidal disturbance caused by eccentric rotation of the disk and satisfies the desired transient performance against plant uncertainty. The proposed controller design method was demonstrated to be valid through an experiment.
